Quasi-one-dimensional quantum antiferromagnets formed by a d-dimensional hypercubic lattice of weakly coupled spin-1/2 antiferromagnetic Heisenberg chains are studied by combining exact results in one-dimension and renormalization group analyses of the interchain correlations. It is shown that d-dimensional magnetic long-range order develops at zero-temperature for infinitesimal antiferromagnetic or ferromagnetic interchain couplings. In the presence of weak bond alternations, the order-disorder transition occurs at a finite interchain coupling. Relevances to the lightly doped quantum antiferromagnets and multi-layer quantum Hall systems are discussed.
Low-dimensional quantum antiferromagnets (AFM) exhibit many remarkable properties.
In strictly one-dimension, transitions into ordered states with broken symmetry is absent.
For the nearest-neighbor Heisenberg spin-S chains, the low-lying excitations are gapless spin-1/2 quanta (spinons) for half-odd-integer S, whereas a finite energy gap exists for integer S [1] . This profound difference is captured in the effective O(3) nonlinear σ-model (NLσM) description by the value of the topological angle (θ = 2πS) in the 1 + 1-dimensional action [1] .
In two-dimensions, spatially isotropic Heisenberg AFM on an unfrustrated lattice is proven rigorously to Néel order in the ground state for S ≥ 1 [2] . While no such proof exists, it is widely believed that it is the case for S = 1/2 as well. Indeed for d ≥ 2, the long-wavelength, low-energy physics governing the interactions between the spin-waves in the ordered phase can be described by a d + 1-dimensional NLσM [3] .
In this paper, we study quasi-one-dimensional quantum AFM, and in particular, the disorder-order transition associated with the dimensional crossover. Specifically, we consider S = 1/2 antiferromagnetic (AF) spin chains with Heisenberg symmetry, arranged in a d-dimensional hypercubic lattice, and weakly-coupled by AF or ferromagnetic (FM) interchain exchange couplings J ⊥ . Finite intrachain bond alternations are included to study the competition between magnetic order and dimerization. Our strategy is as follows. First, interchain coupling is considered at a mean-field level [4, 5] in order to treat the important correlations that first develop along the strongly coupled chain-direction. The resulting effective one-dimensional theory is transformed into the massive Thirring model whose exact Bethe ansatz solution [6] is used to obtain the static and dynamical quantities. Then, we go beyond the mean-field theory, and show that the order parameter fluctuations can be described by an anisotropic d + 1-dimensional NLσM. Renormalization group (RG) analyses are carried out to show that in the ground state, d-dimensional magnetic long-range order occurs for infinitesimal interchain coupling |J ⊥ | > 0. In the presence of bond alternation, long-range order develops when J ⊥ exceeds a finite critical value. Aside from obvious applications to real insulating compounds behaving as weakly coupled AF spin-1/2 chains at low-temperatures, we will discuss the implications of our results on the magnetic properties of underdoped insulating cuprates and point out the relevance to multi-layer quantum Hall structures.
The starting Hamiltonian of the system is given by
where S i,r is the spin-1/2 operator at lattice site (i, r) with i and r labeling the sites in the chain (z) and transverse to the chain (r µ ) directions, µ is summed over the z ⊥ = 2(d − 1)
nearest-neighbors in the transverse directions. The intrachain exchange coupling is AF with alternating strengths J(1±δ) > 0, whereas the interchain coupling can be either AF (J ⊥ > 0) or FM (J ⊥ < 0). We are interested in the case where δ, |J ⊥ |/J ≪ 1.
The mean-field decoupling of the interchain term in Eq. (1) with respect to AF order in the z-direction in spin space leads to an effective Hamiltonian, Next, we perform a standard Jordan-Wigner transformation
In terms of the usual left (L) and right (R) moving fermionic fields ψ L and ψ R , the resulting theory in the continuum limit is given by
It is well known that the values of v and g obtained in the naive continuum limit are not correct in the Heisenberg limit. However, a comparison to the exact excitation spectrum of the Hamiltonian in Eq. (2) at h = δ = 0 [7] leads to v = πJa/2, where a is the lattice constant set to unity hereafter. The terms proportional to h and δJ in Eq. (3) are easily seen in their bosonized forms to be relevant operators of dimension x = 1/2 [8] . These competing (AF order v.s. dimerization) interactions will induce a mass gap (∆) with scaling exponent
Under a global chiral rotation:
The resulting Hamiltonian is then identical to the massive Thirring model with bare mass ∆ 0 and interaction g, which was solved by Bethe ansatz [6] . Following Ref. [4] , we obtain g = 2v = πJ and the ground state energy gain per site due to m 0 ,
The self-consistent value for the staggered magnetization is obtained by minimizing ∆E with respect to m 0 . We find a critical value for the interchain coupling,
which separates an AF phase for
from a dimerized phase for
The mean-field theory predicts a Néel temperature T N ∝ z ⊥ J ⊥ in the ordered phase.
While this can be correct when the coordination number z ⊥ is large, it obviously contradicts the Mermin-Wagner theorem, i.e. AF long-range order should not be possible at any finite temperature in d = 2. It is thus necessary to go beyond the mean-field theory and include the order parameter fluctuations. To this end, we turn to the dynamical spin correlations in the ordered phase. Note that the ordering wavevector Q = (Q ⊥ , π) where Q ⊥ = (π, π, . . .)
for J ⊥ > 0 and Q ⊥ = (0, 0, . . .) for J ⊥ < 0. Since the translation symmetry is broken, the uniform and the staggered components of the spins are coupled by umklapp scattering with momentum transfer q → q + Q. The transverse susceptibility in the random phase approximation is therefore given by a 2 × 2 matrix relation,
where q = (q ⊥ , q z ), and f (q ⊥ ) = µ exp(iq ⊥ ·µ). Using the equations of motion obtained for H 1D , and the Lorentz-invariance of H ′ 1D valid at low energies ω ≪ J, it is straightforward to
show that the components of the 1D susceptibility χ 0 uu , χ 0 us , and χ 0 su are entirely determined by χ 0 ss (q z , ω) in the long wavelength limit [4] . The latter has the following form,
Here the pole in the first term arises from the lowest energy triplet excitation which corresponds to an added fermion in the Thirring model. The function M(x) contains the contributions from the continuum involving particle-hole excitations in the Thirring model.
The latter has a threshold singularity at and a vanishing spectral weight below ω = 2∆.
Thus χ(q, ω) in Eq. (7) is dominated by the collective excitations for ω < 2∆. We will neglect the contributions from M(x) in Eq. (8), which is equivalent to the single mode approximation (SMA). The constant w in Eq. (8) is then fixed at w = ∆ 2 /z ⊥ |J ⊥ | by the condition χ 0 ss (0, 0) = 1/z ⊥ |J ⊥ |. Solving for χ(q, ω) in Eq. (7) using the SMA, we obtain the staggered transverse susceptibility
where ω q is the gapless spin wave dispersion (Goldstone modes),
z in terms of the weakly modified mass gap∆ = ∆ 1 − h 2 /∆ 2 and velocityv = v 1 − h 2 /∆ 2 due to the interchain correlations [9] . The uniform static susceptibility,
In the limit |J ⊥ | → 0 and δ = 0, χ ⊥ ≃ 1.07(1/π 2 J). The close agreement of the latter with the exact 1D result (1/π 2 J) suggests that the SMA is a rather accurate description. When δ = 0, χ ⊥ and thus the spin stiffness vanishes linearly as |J ⊥ | → |J c ⊥ |.
The interactions between the AF spin waves can be described by the O(3) quantum
NLσM [3] . From the susceptibilities derived above, the d + 1-dimensional Euclidean action is given by (settingh = 1),
Here n r (z, τ ) is a three-component unit-modulus vector field. It represents the local orientation of the AF order parameter. The discrete sum runs over the neighboring lattice sites in the transverse directions. As usual, β = 1/k B T , and Λ is a spatial cutoff at which the coupling constant g =v/ρ 0 s and ρ 0 s = χ ⊥v 2 . The anisotropy is contained
In terms of the unit vector field, the transverse spin susceptibility χ s (q, ω) = m 2 0 n + (q, ω)n − (q, ω) and the staggered magnetization
The RG analysis of S 0 is subtle. Let us consider the case when δ = 0, i.e. for vanishing bond alternation. Notice that we did not keep track of the topological term explicitly since at θ = π it does not renormalize under the RG. The effect of the latter is however crucial for the renormalization of the coupling constant g in the 1 + 1-dimensional sector in the limit R → 0 [10] . In the presence of the topological term, g flows to a finite fixed point value g(∞) and the correlation length is infinite, whereas g → ∞ and the system develops a finite correlation length ξ σ /Λ ≈ e 2π/g in its absence. Thus, during the RG transformation of Eq. (11), if the anisotropy is large enough such that √ R/Λ ≪ 1/ξ σ , further renormalization using the d + 1-dimensional RG cannot eliminate this finite correlation length, the correct treatment of the S = 1/2 system must include the effect of the topological term. On the other hand, in the opposite limit where 1 ≫ √ R/Λ ≫ 1/ξ σ , the long-wavelength physics is essentially controlled by the d + 1-dimensional RG and the topological term would not make a qualitative difference in the ordered phase. Below, we consider the two situations separately.
For √ R ≪ e −2π/g , we follow the analysis of dimensional crossover [10, 11] . Since R is exponentially small, the RG in the 1 + 1-dimensional sector can be performed independently by integrating out high-momentum modes until the effective couplings become comparable in all directions at a larger cutoff Λ ⊥ , i.e. when R/Λ 2 g ≈ 1/Λ 2 ⊥ g(Λ ⊥ ). The d+1-dimensional RG is switched on thereafter. For large Λ ⊥ , the coupling g(Λ ⊥ ) flows towards its limiting fixed point value which is of order one. Thus, the crossover length scale is Λ ⊥ ≈ Λ/ √ R.
Since the scaling dimension of the n-field is zero in the ordered phase, there is no need to rescale the latter in the interchain term in Eq. (11). Taking the continuum limit in the transverse directions by absorbing the cutoff Λ −2 ⊥ into defining the derivatives, Eq. (11) is reduced to a continuous, isotropic action at an isotropic cutoff Λ ⊥ ,
where
is the bare coupling constant for the d + 1-dimensional RG. For
. Thus, the stability of the AF ordered state at infinitesimal R is determined by whether g d+1 is smaller than the critical coupling g c d+1 of the d+1-dimensional RG. The latter predicts a T = 0 fixed point at g c d+1 /Λ d−1
order [3] .
Since the exact solution of H 1D in Eq. (2) describes the fixed point physics in the 1 + 1dimensional sector, g(∞) = 1/χ ⊥v can be calculated using the results in Eqs. (9) and (10).
(i) For δ = 0, g(∞) = b[1 − (2/bπ)z ⊥ |J ⊥ |/J] 1/2 with b = 810/14π 2 , which approaches the value g(∞) = 5.86 from below as |J ⊥ | → 0. Thus, the condition for AF order,ḡ d+1 ≡ g d+1 (Λ ⊥ )/g c d+1 < 1, is satisfied and improved further with increasing z ⊥ |J ⊥ |. This one-loop result is consistent with the numerical series expansion analysis in d = 2 for AF coupled chains [10] . We therefore conclude that in the absence of bond alternation, long-range order develops for infinitesimal AF or FM interchain couplings in d ≥ 2. The physical origin of this behavior should be traced back to the gapless power-law correlations in the spin-1/2 Heisenberg chain. For d = 2, a finite temperature fixed point does not exist in the NLσM, the ordered phase is stable only at T = 0. This corrects the naive mean-field prediction of a finite T N . (ii) When δ is finite, |J c ⊥ | = 0 in Eq. (5) . For z ⊥ |J ⊥ |/J ≪ 1,
a transition into a disordered phase with finite dimerization. The critical coupling is at a |J * ⊥ | (> |J c ⊥ | predicted in the mean-field theory) whereḡ d+1 = 1. To one-loop order, |J * ⊥ | = |J c ⊥ |(1 −ḡ δ=0 d+1 ) −1/3 . The renormalized spin stiffness vanishes on approaching the transition according to ρ s = ρ 0 s (1 −ḡ d+1 ). Since (n z ) 2 = (1 −ḡ d+1 ), the renormalized staggered magnetization m 2 = m 2 0 (1 −ḡ d+1 ).
In the above discussion, the coupling constant g defined at cutoff Λ in Eq. 
The important difference is that the momentum cutoffs are now anisotropic, |k ⊥ | < k m ⊥ = π/Λ ⊥ , |k z | < k m z = π/Λ. We have carried out the momentum shell RG by integrating out modes in the high-momentum layers of the d-dimensional box in k-space
where e l is the length rescaling factor. At
The critical coupling g c d+1 (R) depends on the anisotropy R. For d = 2, we find,
For 
In the renormalized classical regime, ξ ∝ √ R| ln √ R|(hv/k B T ) exp (2πρ s /k B T ). Thus the effects of anisotropy enter the prefactors of these universal functions.
Recently, it was proposed that the destruction of AF long-range order in the underdoped insulating cuprates may be explained by the dimensional crossover of a 2D Heisenberg AFM with increasing anisotropy [12] . However, the conclusion that AF long-range order disappears below a finite interchain coupling related to a critical hole concentration was based on an incomplete treatment of dimensional crossover using the NLσM, but without taking into account the effects of the topological term [12] . Our results show that this is incorrect, AF long-range order is stable for arbitrarily small interchain couplings. It is still possible that a 2D Heisenberg AFM with spatial anisotropy is relevant as an effective lowenergy theory around the striped phases [13, 14] . However, in order to destroy AF order in this theory, small dimerization is necessary in addition to anisotropy. Note that the amount of dimerization (bond alternation) necessary to disorder the system and open up a spin gap is δ c ∝ (J ⊥ /J) 3/2 which can be very small, whereas δ c ≈ 0.3 on a dimerized square lattice Heisenberg AFM with out spatial anisotropy [15] .
The properties of the S = 1/2 AF spin chains can provide useful insights into the integer quantum Hall transitions. In a single layer quantum Hall structure (QHS), the latter is in the universality class of the dimerization (spin-Peierls) transition of an SU(2n) AF quantum spin chain in the limit n → 0 [16] . The double-layer (or spin Landau level mixing) case corresponds to two FM coupled spin chains [17] . These results suggest qualitatively similar phase structures in the n = 1 and n → 0 cases. The difference in the universal properties of the phase transitions can be summarized by the changes in the critical exponents with n. A large number of coupled multi-layer QHS corresponds naturally to an array of FM coupled spin chains, where the interchain coupling originates from tunneling between the layers. The quasi-1D spin chains may order for infinitesimal |J ⊥ | > 0, as we have shown for n = 1. The resulting spin wave spectrum just describes the diffusive modes that would appear in a disordered metal, suggesting the formation of a metallic phase between the insulator/quantum Hall states, consistent with recent numerical simulations [18] . The corresponding phase transitions are thus in the universality class of the U(2n)/U(n) ×U(n)| n→0
NLσM. Interestingly, the latter also describes the 3D Anderson transition in the presence of time-reversal symmetry breaking.
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